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1. Introduction. We are concerned here with the formal sine and 
cosine series. 
g(x) - g 6, sin fzx and f(x) ~&z, + i a, cos nx. (1) 
A Fourier sine or cosine series is understood to mean the Fourier series of a 
Lebesgue integrable function. When a function g is not necessarily integrable 
but xg is, we call 
r b, = 27r-1 
s 
g(x) sin ttx dx ca 
0 
the generalized sine coefficients of g. We also need the generalized cosine 
coefficients, defined when x”f is integrable, by 
--a, = 257-l on f(x) (1 - cos nx) dx. s (3) 
There is the following well-known theorem due to Zygmund [6] (cf. [l, 
P- 121). 
THEOREM A. If g is monotonic decreasing on (0,6) and bounded ok (6, n) and 
xg is Lebesgue integrable, then g is Lebesgue integrable if and o&y ;f 
zI 16, I/n < 00, 
where 6, are defined in (2). 
Boas [l] asked whether the hypothesis of monotonic decreasing function in 
Theorem A may be replaced by the hypothesis of positive function in the 
direction J + z. We have the following function: 
g*(t) =t2 & (sin nt - sin(2n + 1) t) + M, 
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where M is an absolute constant. It is evident that g* is positive and Theorem A 
fails in the direction s + C due to the above g*. Hence this answers the question 
of Boas in negative. But for ordinary convergence, Boas (cf. [l, p. 14, Theorem 
3.81) proved the following theorem. 
THEOREM B. If g is positive in (0, 6) and bounded in (S, ST) and xg is Lebesgue 
integrable, then g is Lebesgue integrable if and only if 
In Theorem B, absolute convergence is not necessarily true due to the existence 
of the above function g*. Boas (cf. [I, p. 21, Theorem 4.1 I]) has shown that the 
part s-+ C of Theorem B is true even for only integrable functions. 
2. The main aim of this paper is to show that Theorem A remains true 
even if we replace the hypothesis of monotonic decreasing by a weaker hypo- 
thesis other than a positive function. If g is monotonic in (0, a), bounded in (6, ?r) 
and g is Lebesgue integrable, then 1 g(t - u)] is Lebesgue integrable for all 
u > 0, but the converse of the above statement is not necessarily true. Hence we 
prove the following theorem. 
THEOREM 1. If 1 g(t - u)] is Lebesgue integrable for all u > 0, then 
where b, are generalized sine coeficients of g. 
In the proof of this theorem we need the following lemma which is due to 
Hardy [3, p. 31. 
LEMMA C. 7% series 
5 (-lY+l t sin nt = - 2 (--rr<f<P) n-1 71 
is convergent for all t. 
3. Proof of Theorem 1. We consider the function 
(4) 
f(t) = g Fsinnt. 
?X=l 
(5) 
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The convolution off and g is defined by 
w = (g *f )(t> 
1 =- ~ I 02mg(u)f (t + 4 du - m z1 (- l)n+r + cos nt. 
(6) 
Consider 
h(t + w> - h(t) = + %Tg(u) {f(t + u + w) - f(t + u)} du 
1 277 =- 
s Tr 0 Au - t) {f(u + 4 - f (4> du. 
(7) 
But from Lemma C, we obtain 
f@ + 4 -f(u) = v/2. 
From (7) and (8) we obtain 
(8) 
I h(t + u) - h(t)1 < 5 In I g(u - t>l du. 
Hence from the hypothesis we can find a fixed constant M such that 
This implies that h belongs to a Lipschitz class of order 1 and hence from the 
well-known theorem of Bernstein (cf. [7, p. 240]), the Fourier series of h con- 
verges absolutely. Hence from (6) we conclude that 
which completes the proof of Theorem 1. From Theorem 1, we also deduce the 
following: 
COROLLARY 1. If ) g(t - u)l is Lebesgw integrable for all u > 0, then 
for all negative r. 
4. Now under the hypothesis of Theorem A, we can find another 
stronger result in the following way. 
90 RAFAT N. SIDDIQI 
THEOREM 2. Letg be an oddfunction monotone decreasing and bounded below in 
(0, vr). Let xg E L (0,~) and let C” n-l d, sin nx be a trigonometric series with d,, 4 0, 
Fl n-l d, < 00 and #(x) = ‘$ d,, sin m; 
n-1 
then #g is Lebesgue integrable if and only if 
t 4 I bn I < 00, 
9Z-1 
where (b,) are generalized sine coe@cients of g. 
Proof of Theorem 2. (Sufficiency) C + s. Suppose that ~~~, d,, 1 b, 1 < CO. 
Since d, 4 0, there exists a neighborhood of 0, say (0, S), such that the series 
ildn 
sin ftx 
is positive in (0, 8). H ence, applying Fatou’s lemma, we obtain, 
< f d, Iz (g(x) + M) sin nx dx 
n-1 0 
- J& IaT (g(x) + M) f (d, sin no) dx, 
?I=1 
(9) 
where M is a positive number. Then the first integral of above expression 
t 4, J: (g(x) + M) sin m do 
98-l 
= 2 d,b, + M 2 d,n-l{(- 1)” - l} dx 
la-1 ?I=1 
is finite and the second integral 
I& 6 (g(x) +Ml ( il 4 sin -) dx 
= an (g(x) + M) (5 d,, sin -) dx 
f a-1 
= 8n (Ax) + W #(xl dx. I 
(11) 
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is also finite. From (9) (lo), and (11) we deduce that the integral 
I ’ 44.4 (g(x) + M) dx 0 
exists and is finite; hence, $(g + M) is Lebesgue integrable in (0, n). But # 
is Lebesgue integrable from hypothesis. Hence #g is Lebesgue integrable, which 
proves the sufficiency part of Theorem 2. 
(Necessity) J--+ C. Suppose #g is Lebesgue integrable. Consider 
$rb,, = 
I 
0 g(x) sin nx dx 
F 
(12) 
Z-Z ’ - y nx g(x)]; - n-l j; (1 - cos nx) dg(x). 
Since g is monotonic decreasing, it follows that x2g(“) tends to zero as x tends 
to zero; hence, 
(1 - cos nx)g(x) = o(1) (x--f +o). (13) 
And hence 
Fl d,, 1 6, ( = - f n-l d,, IT (1 - cos nx) dg(x). 
m=l 0 
(14) 
But C;=‘=, n-r d,2( 1 - c OS no) is integrable with respect to g. It is sufficient to 
show that 
[=&)d jf n-l d,( 1 - cos nx) dx = [” g(x) #(x) dx, I 
-” n=1 i 
(15) 
'0 
which is finite, and hence, implies 
This completes the proof of Theorem 2. Similarly, for an even function we can 
prove the following theorem. 
THEOREM 3. Let f be an even function monotone decreasing and bounded below 
in (0, rr). Let f be Lebesgue integrable and let CL, c, cos nx be a trigonometric 
series with c, 4 0, Czzp_, n-L, < 00, and #(x) = ~~~,, c, cos nx; then +f is 
Lebesgue integrable if and only if 
where (a,) are generalized cosine coeficients off. 
For a particular choice of the sequence d,, = l/n, Theorem 2 reduces to 
Theorem -4. 
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